For the characterization of dynamics in quantum many-body systems the question how information spreads and becomes distributed over the constituent degrees of freedom is of fundamental interest. The delocalization of information under many-body dynamics has been dubbed "scrambling" and out-of-time-order correlators were proposed to probe this behavior. In this work we investigate the time-evolution of tripartite information as a natural operator-independent measure of scrambling, which quantifies to which extent the initially localized information can only be recovered by global measurements. Studying the dynamics of quantum lattice models with tunable integrability breaking we demonstrate that in contrast to quadratic models a generic non-integrable system scrambles information irrespective of the chosen partitioning of the Hilbert space, which justifies the characterization as "scrambler."
For the characterization of dynamics in quantum many-body systems the question how information spreads and becomes distributed over the constituent degrees of freedom is of fundamental interest. The delocalization of information under many-body dynamics has been dubbed "scrambling" and out-of-time-order correlators were proposed to probe this behavior. In this work we investigate the time-evolution of tripartite information as a natural operator-independent measure of scrambling, which quantifies to which extent the initially localized information can only be recovered by global measurements. Studying the dynamics of quantum lattice models with tunable integrability breaking we demonstrate that in contrast to quadratic models a generic non-integrable system scrambles information irrespective of the chosen partitioning of the Hilbert space, which justifies the characterization as "scrambler."
Introduction. The concept of scrambling was originally devised to study the information paradox of black holes [1, 2] . A scrambler is a quantum system with many degrees of freedom in which information about local fluctuations in the initial state is under dynamics strongly mixed up such that it can after long times only be recovered by global measurements. It was found that black holes can be regarded as the most efficient scramblers [3] . The idea of scrambling is of interest also in quantum many-body systems beyond the AdS/CFT paradigm, where the spreading of correlations and information is a subject of ongoing research [4] [5] [6] [7] [8] [9] [10] as well as the question of thermalization after a system was prepared far from equilibrium [11, 12] and how information about the initial conditions is lost [13] [14] [15] [16] [17] [18] . Since the timescales of thermalization and scrambling can strongly differ, a central question is whether there is nevertheless a connection between both [19] .
In order to investigate scrambling from an informationtheoretical point of view Hosur et al. [20] introduced tripartite information as a measure for the delocalization of information. The tripartite information quantifies how much of the information about fluctuations that were in the initial condition localized in one part of the system can only be recovered when having access to both constituents of a bipartition of the time-evolved system. As such, tripartite information can be regarded as a direct probe of scrambling. A particular virtue is the fact that this information measure does not rely on any selection of operators. The only choice is the partitioning of the Hilbert space with respect to which it is decided whether information is distributed or not. Note also Refs. [21, 22] , where alternative operator-independent measures for the spreading of information are investigated.
By contrast to information theoretic measures, socalled out-of-time-order correlators (OTOCs) of the form
introduced in Refs. [23, 24] , constitute an operator-based probe of scrambling. In the expression aboveV (t) and W (t) are operators in the Heisenberg picture and · β denotes a thermal expectation value. Considering local operatorsV A andŴ B acting on disjoint regions A and B the OTOC probes how the perturbation at A affects the system at B at later times. In systems that scramble the perturbation eventually disturbs the whole system, which can be probed by the OTOC. Moreover, considering the OTOC of momentum and position operator a semiclassical analysis motivates that OTOCs can indicate a butterfly effect in quantum systems, including the possible identification of Lyapunov exponents [3, 25] . With regard to the question of scrambling it is particularly notable that in spin-1/2 systems there exists a rigorous relation between OTOCs and tripartite information in the limit of high temperatures. In that case OTOCs bound the tripartite information such that the butterfly effect as diagnosed by an OTOC implies scrambling as measured by tripartite information [20] . This justifies to draw conclusions about the scrambling of information from the dynamics of OTOCs.
OTOCs have been studied in a series of works as a probe for the spreading of information and scrambling in microscopic lattice systems [19, 20, 22, [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] . However, tripartite information as a direct measure of the dispersion of information under dynamics has so far not received much attention [38] . The work presented in this paper comprises a systematic study of tripartite information as a measure of scrambling in quantum lattice models, including various partitionings of the Hilbert space. We demonstrate numerically that in the dynamics of generic systems the tripartite information at late times approaches a stationary value that is identical with arXiv:1808.05646v1 [cond-mat.str-el] 16 Aug 2018 the one obtained by evolution with a Haar random unitary. This behavior is independent of the chosen partitioning of the Hilbert space, indicating scrambling of information. By contrast, the time-evolution of the tripartite information in integrable quadratic systems depends strongly on the Hilbert space partitioning; hence, the dynamics of these systems cannot be regarded as scrambling. The characteristic distinction between quadratic and non-integrable systems in the view of scrambling is particularly pronounced in momentum space, for which to the best of our knowledge no results have been reported so far.
Tripartite information. In the following we study tripartite information as a measure of scrambling as introduced in Ref. [20] . For simplicity we consider systems consisting of two-dimensional local Hilbert spaces and a corresponding basis {|i }. To define tripartite information the time evolution operator acting on a system consisting of N lattice sites,
which would commonly be interpreted as a tensor with N input and N output legs as depicted in Fig. 1 , is thought of as a state in doubled Hilbert space,
In this language the reduced density matrix of the input subsystem,ρ in = tr out (|U (t) U (t)|), corresponds to a uniform ensemble of states of the physical system, whereas the reduced density matrix of the output subsystem,ρ out = tr in (|U (t) U (t)|), corresponds to the timeevolved initial density matrix,ρ out =Û (t)ρ inÛ (t) † . In this view one can consider more general input ensemblesρ in = j p j |ψ j ψ j | given by probabilities p j and a set of orthonormal states {|ψ j }. The corresponding state |Ψ(t) = j √ p j |ψ j in ⊗Û (t) |ψ j out contains all information about the time evolution, in this case with a possible weighting of the input ensemble. The following discussion is, however, restricted to the uniform ensemble corresponding to infinite temperature. In the doubled system it is possible to define mutual information of spins on the input and on the output side. Considering bipartitions of the input and the output subsystem into parts A, B, C, and D as depicted in Fig. 1 the mutual information of, e.g., A and C is defined as I(A : C) = S A + S C − S AC where S A = −tr ρ A logρ A with the reduced density matrix of subsystem A,ρ A = tr BCD |Ψ(t) Ψ(t)| . On this basis the tripartite information
To define tripartite information as a measure of scrambling the unitary operatorÛ (t) is viewed as a state in doubled Hilbert space with "in" and "out" degrees of freedom.
quantifies how much information about A is after time evolution hidden non-locally in CD and cannot be detected by local measurements just on C or D. If a system scrambles initially local information the tripartite information will assume a negative value with large magnitude. Therefore, in contrast to OTOCs tripartite information allows to diagnose scrambling based only on properties of the time evolution operator avoiding ambiguities that can occur due to the choice of observables. When considering the infinite temperature ensemble, the density matrixρ AB (t) is proportional to the identity at all times; therefore, I(A : CD) = 2a with a the size of subsystem A is constant and, moreover, an upper bound for −I 3 (A : C : D) due to the positivity of mutual information. Making use of the time-independence ofρ AB (t), Eq. (4) simplifies to I 3 (A : C : D) = N − S AC − S AD . Furthermore, writing the initial state |U (t = 0) at infinite temperature as a product of maximally entangled pairs in the "in" and the "out" part of the system, it is straightforward to show that initially S AC + S AD = N . Hence, under scrambling dynamics, the negative tripartite information −I 3 will rise from zero to a large value. Next, we discuss how the evolution with Haar random unitaries can be used as quantitative reference for values of tripartite information.
Reference for scrambling. As a reference for scrambling we consider evolution with Haar random unitary operators, because these operators are expected to fully mix the information about the initial state; in this sense random unitaries correspond to maximally chaotic dynamics. For our analysis we will compute the value of the tripartite information attained under Haar scrambling numerically by considering the tripartite information in states |U H defined as in Eq. (3) with Haar random unitariesÛ H . We will consider a system a scrambler if the corresponding tripartite information asymptotes the average tripartite information obtained in the Haar ensemble of unitaries irrespective of the partitioning of the Hilbert space and the choice of subsystems A, B, C, and D. A single choice of a basis and a par-titioning into subsystems where −I 3 remains below the Haar scrambled value implies that information was not fully scrambled.
In order to obtain the appropriate Haar scrambled value of the tripartite information it is for the finite systems considered in this work essential to take symmetries into account, which are compatible with the partitioning of the Hilbert space. The resulting block structure of the time evolution operator constrains the possible mixing. In this case we regard corresponding block Haar random unitaries as reference for scrambling.
Model Hamiltonians and numerical method. For the purpose of this study we consider the following model Hamiltonian of spinless fermions in a one-dimensional lattice:
By adjustment of the different parameters the system can be tuned between a quadratic Hamiltonian, a Bethe integrable system, and a generic nonintegrable Hamiltonian. For V = 0 the Hamiltonian is quadratic, irrespective of the value of λ. Any V = 0 will add interactions to these fermions, butĤ(J, λ = 0, V ) is still integrable in the sense that it is solvable by Bethe ansatz [39] . Integrability is broken if λ and V are both nonzero. In the following we will fix λ = 0.5 in order to contrast the behavior found in the non-integrable model against the quadratic model. As an alternative partitioning of the Hilbert space we additionally consider the system in momentum space, wherê
withĉ
To obtain the dynamics of tripartite information (4) we compute numerically the exact time evolution in the full Hilbert space of systems with up to N = 12 physical lattice sites, which means 2N = 24 sites in the doubled Hilbert space introduced in Eq. (3). In order to reach these system sizes we avoid dealing with the full 2 2N -dimensional state by directly computing the reduced density matrices of interest (see [40] for details). We checked our approach against results for the dynamics obtained with a method based on matrix product states [41] . However, using that approach the strongly entangled initial state renders the simulation of long-time dynamics as required for the purpose of this work prohibitively expensive if the system size exceeds N = 12 sites. In what follows we demonstrate for a number of different segmentations of the Hilbert space that in the nonintegrable regime the system scrambles information to the same extent as a corresponding random unitary, irrespective of the chosen partitioning. This is not the case for the quadratic model, where the behavior of the tripartite information strongly depends on the choice of the partitioning. We start by presenting results for the scrambling of information that is initially local in real space.
Scrambling in real space. We consider a partitioning of real space with single-site subsystems A and D located at opposite boundaries of the system (cf. Fig. 1 ). In this setting the tripartite information shows characteristic differences depending on the Hamiltonian parameters, which is shown for a choice of parameters in Fig. 2a . The existence of a finite "butterfly velocity" v B in real space is reflected in the fact that the tripartite information only deviates conceivably from the initial value at time t = l/v B , where l is the distance between A and D.
Under time evolution with the quadratic Hamiltonian H(1, 0.5, 0) the tripartite information shows a distinct signal for a short time at t ≈ l/v B , which subsequently decays, before revivals occur at later times. For t > l/v B the dynamics is characterized by strong oscillations. On average, however, the tripartite information remains be-low the Haar scrambled value (dashed line). By contrast, under dynamics of the non-integrable model the negative tripartite information rapidly raises to the Haar scrambled value at t ≈ l/v B and does not deviate from that in the subsequent evolution.
It needs to be emphasized that the characteristics of the dynamics of −I 3 in the quadratic system strongly depends on the choice of the subsystems A and D. In particular, for alternative choices the tripartite information can also approach the Haar scrambled value at late times; corresponding data is included in the supplemental material [40] . In the non-integrable case, however, the behavior does not change when subsystems are varied.
Scrambling in momentum space. In momentum space the many-body basis can be chosen as the set of Fock states characterized by momentum mode occupation numbers. Information is delocalized when it is distributed over the different modes n. Accordingly, when computing tripartite information the external legs of the time evolution operator in Fig. 1 correspond to momentum mode indices. Note that the momentum space Hamiltonian (6) exhibits translational symmetry (in real space) and, accordingly, a random unitary that obeys the same conservation laws needs to take into account the block structure due to the conservation of particle number as well as the conservation of momentum. Fig. 2b displays the dynamics of the tripartite information in momentum space for different V . For the quadratic Hamiltonian with V = 0 the tripartite information remains zero for all times. This is due to the fact that in this case the initial product structure is preserved in |U (t) ; the state remains a product of maximally entangled pairs at all times, leaving tripartite information unchanged.
By contrast, the tripartite information under evolution with the non-integrable Hamiltonian quickly asymptotes a stationary value close to that obtained when evolving with a random unitary. In momentum space there is no butterfly velocity and the tripartite information starts to deviate from the initial value immediately irrespective of the choice of subsystems, because the Hamiltonian in momentum space (6) has no notion of neighborhood. Instead, we find that the timescale for the increase of −I 3 is proportional to the interaction parameter V .
Having demonstrated that the non-integrable Hamiltonian scrambles information chaotically also in momentum space, we will next show that the long time limit of the tripartite information is very sensitive to the breaking of integrability.
Sensitivity to the breaking of integrability. In Fig. 3 we show averages of the tripartite information for the same real space partitioning as in Fig. 2a over certain intervals [t 0 , t 0 + ∆t] at late times t 0 . These averages give an estimate of the stationary values attained in the long time limit. We find that when tuning to the nonintegrable model with V > 0 the tripartite information quickly attains a new stationary value. In particular, this transition occurs at smaller V as t 0 is increased. Therefore, we conclude that for any non-vanishing V the tripartite information will asymptote the Haar scrambled value in the limit t → ∞. Considering the small system sizes we study, this means that tripartite information is extraordinarily sensitive to the breaking of integrability; cf. for example the change of level statistics depending on integrability breaking parameters, which was analyzed for spinless fermions in one dimension in Ref. [42] . We found analogous behavior of the tripartite information in momentum space, but in that case stronger oscillations resulting from the finite system size and the reduced dimension of invariant subspaces due to translational invariance impair the analysis.
Discussion. Based on our results we suggest to introduce the notion of scrambling with respect to a partitioning of Hilbert space, H = H A ⊗ H B = H C ⊗ H D . In these terms a system should only be considered a scrambler if it scrambles information with respect to any physically relevant partitioning of Hilbert space. A physically relevant partitioning is one, where experimentally accessible observables can be constructed which act exclusively on the individual factors of the partitioned space; these are the meaningful partitionings, because any information that is localized in the corresponding subsystems can in practice only be accessed via such observables.
Clearly, for any numerical study this notion of scrambling only allows for falsification. The numerical results presented in this work show that non-interacting fermions in one dimension do not scramble, although they scramble with respect to a subset of choices of the Hilbert space partitioning. By contrast, the behavior of I 3 obtained for the generic interacting system is compatible with it being a scrambler, because for all considered partitionings in real and momentum space information is mixed to the same extent as under evolution with a corresponding Haar random unitary. We expect that the same holds for any other physically relevant partitioning.
The results presented in this work show that tripartite information, which goes beyond OTOCs in that it directly quantifies the distribution of information, is an insightful measure for scrambling; e.g., a sharp distinction of system characteristics was revealed within the dynamics of I 3 . As such, tripartite information should be further explored in future research to enhance the understanding of scrambling, including, e.g., the role of temperature.
Numerical approach
For the analysis of the tripartite information at infinite temperature the entanglement entropies S AC and S AD of the state |U (t) in the doubled Hilbert space are needed. A straightforward way to obtain these would be to compute the full time-evolved state |U (t) , form the corresponding density matrixρ(t) = |U (t) U (t)| and trace out the respective complements to obtain the reduced density matrices and from these the entropies. However, with this approach compute resources restrict the feasible sizes of the physical system to N 7, i.e. a doubled system with 2N 14 sites. In order to obtain the data for N = 12 presented in the main text we chose an alternative approach.
In our approach we individually compute the contributions to the reduced density matrix, for which it is sufficient to evolve states in the physical system and not the doubled system. The time-evolved state in the doubled system is
It is then convenient to think of the corresponding density matrixρ(t) as a matrix of dimension 2 N ×2 N , where every entry ρ ij is the corresponding matrix |i(t) j(t)| obtained from the time-evolved basis states |i(t) =Û (t) |i . Using this form ofρ(t) the contributions to the reduced density matrices of interest are easily determined and they can be computed exactly based on the time-evolved basis states of the physical system, |i(t) , without ever dealing with the full density matrix |U (t) U (t)|.
Alternative partitionings of real space and ensemble dependence
In the results presented in the main text the distinction between scrambling and non-scrambling dynamics seemed unequivocal. The characteristics of the dynamics of tripartite information in the quadratic model can, however, strongly differ for alternative spatial partitionings. Fig. 4 displays the dynamics of the tripartite information for the same choice of parameters as in Fig. 2 of the main text. In this case, though, the two subsystems A and D are located next to each other at the center of the system. For comparison the dynamics obtained with A and D at the boundaries is shown with dashed lines. The proximity of both subsystems is reflected in the fact that the tripartite information starts to deviate from its initial value immediately. In the non-integrable system with V = 0.5t h the tripartite information quickly rises to the Haar scrambled value just as in the case where both subsystems were located at the boundaries. However, −I 3 rises also for the quadratic Hamiltonian and remains close to the Haar scrambled value for all times.
Since there are, nevertheless, partitionings in which information remains largely local, the quadratic model is not a scrambler. This position-dependence in the quadratic model was found to be absent when considering a canonical ensemble with fixed particle number instead of the grand canonical ensemble given in Eq. (3), where the particle number fluctuates. In the canonical ensemble the tripartite information remains well below the Haar scrambled value irrespective of the subsystem positions under time evolution with the quadratic Hamiltonian, whereas it again saturates at the Haar scrambled value for the non-integrable model.
